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ENVELOPE OF INTERMEDIATE LINES OF A PLANE CURVE
ADY CAMBRAIA JR., MOSTAFA SALARINOGHABI, AND DIEGO TRINDADE
Abstract. For a pair of points in a smooth closed convex planar curve γ, its
mid-line is the line containing its mid-point and the intersection point of the
corresponding pair of tangent lines. It is well known that the envelope of the
mid-lines (EML) is formed by the union of three affine invariants sets: Affine
Envelope Symmetry Sets (AESS); Mid-Parallel Tangent Locus (MPTL) and
Affine Evolute of γ. In this paper, we generalized these concepts by considering
the envelope of the intermediate lines. For a pair of points of γ, its intermediate
line is the line containing an intermediate point and the intersection point of
the corresponding pair of tangent lines. Here, we present the envelope of
intermediate lines (EIL) of the curve γ and prove that this set is formed
by three disconnected sets when the intermediate point is different from the
mid-point: Affine Envelope of Intermediate Lines (AEIL); the curve γ itself
and the Intermediate-Parallel Tangent Locus (IPTL). When the intermediate
point coincides with the mid-point, the EIL coincides with the EML, and thus
these sets are connected. Moreover, we introduce some standard techniques of
singularity theory and use them to explain the local behavior of this set.
1. Introduction
Consider two different points p1, p2 of a smooth planar curve γ which has non-
parallel tangent lines at p1 and p2. The mid-line is the line that passes through
the mid-point M of p1 and p2 and the intersection of the tangent lines at p1 and
p2. If these tangent lines are parallel, the mid-line is the line which passes through
the point M and is parallel to the both tangent lines. When p1 = p2, the mid-
line is just the affine normal at the point. The envelope of these mid-lines is an
important affine invariant set associated with the curve, which has been studied
by many authors (see for instance [4, 6, 10, 11]). In [2, 3] the authors presented a
generalization of these concepts for hypersurfaces in Rn.
The Envelope of Mid-Lines, (denoted by EML), of the curve γ is divided into
three parts: The Affine Envelope Symmetry Set (denoted by AESS), the Mid-
Parallel Tangent Locus (denoted by MPTL) and the Affine Evolute, which cor-
responded to the pairs of points (p1, p2) with non-parallel, non-coincident parallel
and coincident tangent lines, respectively. The geometry of these curves has also
been extensively studied by many mathematicians (see for example [4],[6]).
Unsurprisingly, the envelope of the tangent lines to γ contains -at least- γ itself.
It is natural to ask what lies between the envelope of tangents and the envelope
of mid-lines. Consider two disjoint points p1, p2 of the curve γ with non-parallel
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2 ENVELOPE OF INTERMEDIATE LINES OF A PLANE CURVE
Figure 1. Intermediate line of the points p1 and p2.
tangent lines. An intermediate point of the points p1 and p2 is the point Mα =
(1 − α)p1 + αp2 with α ∈ [0, 1]. The intermediate line is the line which passes
through the intersection point of the tangent lines at p1 and p2 and the point Mα
(Figure 1 illustrates an intermediate line for the points p1 and p2). When α = 0
or α = 1 the intermediate line corresponds to the tangent lines in points p1 and
p2 respectively. When α = 1/2, the intermediate line corresponds to the mid-line.
Naturally, the Envelope of Intermediate Lines (denoted by EIL) is also divided
into three subsets: The Affine Envelope of Intermediate Lines (denoted by AEIL),
which corresponds to the pairs of points (p1, p2) with non-parallel tangent lines;
the Intermediate-Parallel Tangent Locus (denoted by IPTL) is consonant with the
pairs of disjoint points (p1, p2) with parallel tangent lines; and another curve called
Coincident Tangent Lines, (denoted by CTL), which corresponds to the limit case
of coincident points. This article aims to explain how some basic techniques of
Affine Geometry and Singularity Theory enable us to say exactly what happens
with the envelope of intermediate lines when α varies in [0, 1] \ {1/2}. Precisely
speaking, we will obtain the accurate conditions for which the cusps appear and
disappear for a fixed α and, crucially, explaining the contribution of inflexions.
We demonstrate that, unlike the case of α = 1/2 in which AESS and MPTL
meet at their ordinary cusp singularities, when α 6= 1/2, AEIL and IPTL are
disjointed.
The Affine Evolute of a planar curve is the limit of the EML, when p1 = p2. In
this paper we study the corresponding limit set CTL and prove that this set is the
curve γ itself, when α 6= 1/2.
The paper is organized as follows: In section 2, we review some basic concepts of
the Affine Differential Geometry of curves in R2. In section 3, we study the AEIL,
giving necessary and sufficient conditions for a pair (p1, p2) to contribute to this
set. In section 4, we investigate the local behavior of the curves AEIL and IPTL
and prove that the set CTL is the proper curve γ. In this section, we also study
non-oval smooth curves.
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2. Preliminaries
In this section, we present the basic concepts of Affine Differential Geometry of
planar smooth curves. We refer to [7, 9] for more details on this subject.
Let γ : [0, 1] −→ R2 be a C∞ plane curve, without self-intersections or cusps,
parametrized by t. The planar affine differential geometry is mainly focused on
defining a new parametrization, s, which is an affine-invariant. The simplest affine-
invariant parametrization s for the curve γ satisfies the following relation,
(1) [γs, γss] = 1,
where [ , ] is the notation for determinants. When a curve satisfies equation (1), we
say it this parameterized by affine arc length parametrization s.
The vectors γs and γss are the affine tangent and the affine normal of the curve
γ, respectively.
The parameters s and t are related by
[γt, γtt] =
[
γs st , γss s
2
t + γs stt
]
= s3t [γs, γss] = s
3
t ,
therefore,
ds
dt
= [γt, γtt]
1
3 .
By differentiating the equation (1), we obtain
[γs, γsss] = 0⇒ γsss + µ(s)γs = 0,
for some µ(s) ∈ R. The function µ(s) is called the affine curvature and is the sim-
plest non-trivial affine differential invariant, defining up to an affine transformation.
Notice that
[γs, γsss] = 0⇒ γsss = −µ(s)γs,
therefore, we conclude that
µ(s) = [γss, γsss].
Theorem 2.1 ([7]). Plane curves have constant affine curvature if and only if they
are conic sections.
Proposition 2.2. Let γ : R −→ R be a regular plane curve parametrized by an
arbitrary parameter t. The affine normal ξ(t) at t is given by:
ξ(t) = κ
−
2
3 γtt − 1
3
κtκ
−
5
3 γt(2)
The affine curvature of a planar curve γ parametrized by an arbitrary parameter
is given in the next proposition.
Proposition 2.3. Let γ be a smooth plane curve without inflection points parame-
trized by an arbitrary parameter t. The affine curvature of γ is given by
µ =
1
9
(
3κκtt − 5κ2t + 9κ[γtt, γttt]
)
κ−
8
3 ,(3)
where κ = [γt, γtt], denotes the Euclidean curvature of γ and the indexes denote the
derivative in respect to the given parameter.
Proof. Note that st = κ
1
3 and also γs = γtκ
− 13 . Now, by calculating γss, γsss and
using the fact that κt = [γt, γttt], one can conclude that µ = [γss, γsss]. 
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Consider the plane curve γ in the Monge form parametrization without Euclidean
inflection at the origin, that is,
γ(t) =
(
t,
1
2
a2t
2 + · · ·+ 1
k!
akt
k + g(t)tk+1
)
,
with ai ∈ R, a2 6= 0 and g a smooth function. Using the Proposition 2.3, the affine
curvature of γ at the origin is
µ(0) =
3a2a4 − 5a23
9a
8
3
2
.
This means that the affine curvature depends on 4-jet of the curve γ (see [1] for
further information on jet space). Throughout this paper we deal with the envelope
of a family of lines defined on the curve γ. To be more precise, we have the following
definition.
Definition 2.4. The envelope, or discriminant, of a family
F : Rn × Rr → R
of n parameters, is the set:
DF =
{
x ∈ Rr | ∃u ∈ Rn, F (u, x) = ∂F
∂ui
(u, x) = 0, i = 1, . . . , n
}
.
Consider a smooth plane curve γ. Take the points p1, p2 ∈ γ and let γ1(t) and
γ2(s) be the local parameterizations around p1 and p2 with l1 and l2 as their tangent
lines of γ at p1 and p2, respectively. If l1 and l2 are concurrent then consider R as
their intersection point. For 0 < α < 1, let Mα be the intermediate point of the
segment joining p1 and p2, i.e., Mα = (1− α)γ1(t) + αγ2(s).
Definition 2.5. For a given oval smooth closed plane curve γ, the intermediate
line of γ is:
i. the line that passes through R and Mα when l1 and l2 are concurrent with
t 6= s;
ii. the only line that passes through the point Mα and is parallel to the parallel
tangent lines l1 and l2 with t 6= s;
iii. the tangent line of γ at p1, when t = s. In the case of α = 1/2 (i.e. the
mid-point), the intermediate line is the affine normal of γ at p1.
We will use the co-normal maps to define the equation of the intermediate line .
Definition 2.6. Let γ be a smooth curve. For p ∈ γ, let ν = ν(p) the linear
functional, such that
ν(p)(ξ) = 1 and ν(p)(X) = 0,
where ξ is the affine normal of γ and X is a tangent vector of γ. The differentiable
map ν is called the co-normal map.
For further details about the properties of co-normal map, see for instance [7].
Let νi, with i = 1, 2, be the co-normal maps at pi, i.e., νi = ν(pi) with
νi(ξi) = 1 and νi(γ
′
i) = 0,
where ξi is the affine normal at the point pi.
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Lemma 2.7. The equation of the intermediate line is given by
(1− α)ν2(C)ν1(X −Mα) + αν1(C)ν2(X −Mα) = 0,
where α ∈ (0, 1) and C = p2 − p1 is the chord joining the points p1 and p2.
Proof. Let ν be the functional that annul the director vector of the intermediate
line. Then:
ν = a ν1 + b ν2.
Notice that:
ν(R−Mα) = 0 ⇐⇒ (a ν1 + b ν2)((1− α)C +R− p2) = 0
aν1((1− α)C) + aν1(R− p2) + bν2((1− α)C) = 0.
In fact, ν2(R− p2) = 0, since R− p2 is tangent to γ2. As R− p2 = R− p1 − C,
the last equation is equivalent to:
aν1((1− α)C) + aν1(R− p1)− aν1(C) + bν2((1− α)C) = 0
−aν1(αC) + bν2((1− α)C) = 0,
because R− p1 is tangent to γ1.
Therefore, taking a = (1− α)ν2(C) and b = αν1(C), we obtain the result. 
Consider the family F : γ1 × γ2 × R2 −→ R given by:
(4) F (s, t,X) = (1− α)ν2(C)ν1(X −Mα) + αν1(C)ν2(X −Mα),
where α ∈ (0, 1). For fixed points p1 and p2, and using the Lemma 2.7, one can
conclude that the equation of the intermediate line is F (s, t,X) = 0.
According to the Definition 2.4, we intend to find the discriminant set DF of the
family F . More precisely,
DF =
{
X ∈ R2 | ∃ (s, t);F = Fs = Ft = 0 at (X, s, t)
}
.(5)
3. Intermediate lines with non-parallel tangents
We begin with the following simple lemma:
Lemma 3.1. The derivatives of co-normal maps ν1 and ν2 are given by:
ν′1 = aν1 + bν2 and ν
′
2 = a¯ν1 + b¯ν2,
where a =
ν′1(γ
′
2)
ν1(γ′2)
, b =
ν′1(γ
′
1)
ν2(γ′1)
, a¯ =
ν′2(γ
′
2)
ν1(γ′2)
and b¯ =
ν′2(γ
′
1)
ν2(γ′1)
.
Proof. Take the basis {ν1, ν2} of the dual plane R2. Thus, we can write the linear
functional ν′1 as a linear combination of the basis vectors, i.e., ν
′
1 = aν1 + bν2. By
applying ν′1 to γ
′
1 we obtain ν
′
1(γ
′
1) = bν2(γ
′
1), which leads us to achieve
b =
ν′1(γ
′
1)
ν2(γ′1)
.
The other coefficients are obtained analogously. 
The next result allows us to locate pairs of points of γ that contribute to the
envelope of intermediate lines, through which we can relate the parameters s and
t.
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Theorem 3.2. The necessary and sufficient condition for which the pair (s, t)
determines one point of the envelope of intermediate lines is
ν1(C) = −λν2(C),(6)
where
λ =
(
1− α
α
) 1
3
.
Proof. Since ν1(γ
′
1(t)) = ν2(γ
′
2(s)) = 0, so the derivative of the Equation (4) with
respect to t is
Ft =(1− α)ν2(−γ′1)ν1(X −Mα) + (1− α)ν2(C)(ν′1(X −Mα))+
+ αν′1(C)ν2(X −Mα)− αν1(C)ν2((1− α)γ′1).
Using Lemma 3.1, we obtain:
Ft =− (1− α)ν2(γ′1)ν1(X −Mα) + bν2(C)ν2(X −Mα)
− α(1− α)ν1(C)ν2(γ′1) + aF.(7)
Similarly,
Fs = aν1(C)ν1(X −Mα) + αν1(γ′2)ν2(X −Mα)
− α(1− α)ν2(C)ν1(γ′2) + bF,(8)
By isolating ν2(X −Mα) from F = 0 and replacing it in the equations Ft = 0 and
Fs = 0, we obtain
ν1(X −Mα) = −α
2ν21(C)ν2(γ
′
1)
αν1(C)ν2(γ′1) + bν
2
2(C)
,(9)
ν1(X −Mα) = α(1− α)ν1(C)ν2(C)ν1(γ
′
2)
aν21(C)− (1− α)ν2(C)ν1(γ′2)
.(10)
For the rest of the proof, we equate the equations (9) and (10), and use the formulae
of b and a¯ given in the Lemma (3.1). 
Remark 3.3. If γ1 and γ2 are parametrized by the affine arc length parametriza-
tion, then λ = β. Thus, the condition given in the Theorem 3.2 is equivalent to
[γ′1 + λγ
′
2, γ2 − γ1] = 0,
where λ =
(
1− α
α
) 1
3
.
Theorem 3.4. Let F be the family of the intermediate lines given in (4). The
discriminant of the family F admits a solution if and only the equation (3.2) holds.
Moreover, the solution of the system is given by
(11) X −Mα = αν1(C)
αν2(γ′1)ν1(C) + bν
2
2(C)
(
(1− α)ν2(C)γ′1 −
αν1(C)ν2(γ
′
1)
ν1(γ′2)
γ′2
)
,
where α ∈ (0, 1).
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Proof. Since γ′1 and γ
′
2 are not parallels, we can write X−Mα = Aγ′1 +Bγ′2. Thus,
by applying ν2 the latter equation and isolating ν2(X −Mα) in the equation of
intermediate line, we have:
A =
ν2(X −Mα)
ν2(γ′1)
=
−(1− α)ν2(C)ν1(X −Mα)
αν2(γ′1)ν1(C)
Using the expression (9) :
A =
(1− α)ν2(C)
αν2(γ′1)ν1(C)
(
α2ν21(C)ν2(γ
′
1)
αν1(C)ν2(γ′1) + bν
2
2(C)
)
=
α(1− α)ν1(C)ν2(C)
αν1(C)ν2(γ′1) + bν
2
2(C)
.
Similarly,
B =
−α2ν21(C)ν2(γ′1)
ν1(γ′2)(αν2(γ
′
1)ν1(C) + bν
2
2(C))
.

Remark 3.5.
(1) If the curve γ is parameterized by the affine arc length, the envelope of the
intermediate lines is given by
X −Mα = αλ[γ
′
2, C][γ
′
2, γ
′
1]
αλ[γ′2, γ
′
1]
2 + [γ′2, C]
((1− α)γ′1 − αλγ′2) .
(2) Notice that when α = 1/2, we have the familiar set Affine Envelope Sym-
metry Set. More precisely,
X −M = 1
2
(
[γ′2, γ1 − γ2][γ′1, γ′2]
−2[γ′2, γ1 − γ2] + [γ′1, γ′2]2
)
(γ′1 − γ′2),
for further details about this set, see [4].
4. Local structure of the envelope of Intermediate lines
Let γ be a C∞ closed plane curve. Also let p1 = γ(t) and p2 = γ(s) be two
different points of γ with κ(p1) 6= 0 and κ′(p1) 6= 0, where κ is the curvature at
the point p1. This means that p1 is neither an inflection point nor a vertex point.
Without loss of generality, we can assume that
(12)
p1 = (t, f(t)) =
(
t, 12 t
2 + a3t
3 + a4t
4 + a5t
5 +O6(t)
)
,
p2 = (s, g(s)) =
(
s, b0 + b1s+ b2s
2 + b3s
3 + b4s
4 + b5s
5 +O6(s)
)
,
where b0 > 0, a3 > 0, b
2
1 − b0 > 0 and O6(t) (resp. O6(s)) represents the terms
of order grater than or equal to 6 with respect to the parameter t (resp. s). The
tangent lines at the points p1 and p2 can be parallel or concurrent.
Let F (x, y, t, s) = l1(t, s)x+ l2(t, s)y+ l3(t, s) be the equation of the intermediate
line passing through the point Mα given in (4). The condition of existence of
solution for the envelope of the family of such lines is that the determinant of the
following matrix be zero,
(13) M =
 Fx(0, 0, t, s) Fy(0, 0, t, s) F (0, 0, t, s)Fsx(0, 0, t, s) Fsy(0, 0, t, s) Fs(0, 0, t, s)
Ftx(0, 0, t, s) Fty(0, 0, t, s) Ft(0, 0, t, s)
 .
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The determinant of the matrix (13) is
det(M) =
1
8
α(α− 1)A(t, s)B(t, s),(14)
where A(0, 0) = 0 and B(0, 0) = 8(2αb2 − α+ 1)b30 and we have
A(t, s) = t− 2b2s+ 3a3t2 − 3b3s2 +O3(t, s),(15)
where O3(t, s) denotes terms with respect to the parameters t and s with the order
greater than or equal to three.
4.1. Concurrent tangent lines. If the tangent lines at the points p1 and p2
are not parallel, then the determinant of the matrix (13) given in (14) is zero, if
B(t, s) = 0 (note that in this case A(t, s) 6= 0). Since B(0, 0) = 8(2αb2 − α + 1)b30
and b0 6= 0. the expression B(t, s), locally, has zero around the origin, if b2 = α−12α .
Using this assumption, one can write the parameter t as a function of s, due to the
implicit function theorem. To be more precise, we have
t =
2αb0b3 + b1(α− 1)
(α− 1)(2a3b0 + b1)s+O2(s).(16)
Remark 4.1. Note that as the point p1 is not a vertex point, then, without loss of
generality, we can assume that b0, b1 and a3 > 0. Therefore, 2a3b0 + b1 6= 0.
Theorem 4.2. For a plane curve γ, suppose that the points p1 and p2 given in
(12) have non-parallel tangents. We have:
i) If neither the point p1 nor p2 are inflection points, the condition of regularity
of the envelope of the family of intermediate lines (i.e. the curve AEIL) is
α 6= b0
b21
, 1,
b3 6= (α− 1)(−6αa3b0b
2
1 + 4αa3b
2
0 − 3αb31 − 2a3b20)
2αb0(6αa3b0b1 + 3αb21 + 2αb0 − b0)
,
ii) If the point p1 is an inflection point, then the curve AEIL is regular at
s = 0 if b3 6= 0, equivalently, if p2 is an inflection point at the origin.
Proof. i) Let the points p1 and p2 given in (12) not be inflection points. After
substituting the parameter t, given in (16), in the envelope of intermediate lines
(4), we reach the following parametrization
F (t, α) =
(
a˜0 + a˜1s+O(s
2), b˜0 + b˜1s+O(s
2)
)
,(17)
where
a˜0 = − αb1b0
αb21 − b0
,
a˜1 = − b0δ
(b21α
2 − (b21 + b0)α+ b0)(2a3b0 + b1)(b21α− b0)
,
b˜0 = − αb
2
0
αb21 − b0
,
b˜1 = − b1δ
(b21α
2 − (b21 + b0)α+ b0)(2a3b0 + b1)(b21α− b0)
,
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and δ is a constant term. Note that, as we assume that b21−b0 > 0, the denominator
of a˜1 and b˜1 are not nulls for any real value of α 6= b0/b21 and α 6= 1. The envelope
(17) is singular at s = 0 if δ = 0. This is observed if:
b3 =
α− 1
2αb0
(−6αa3b0b21 + 4αa3b20 − 3αb31 − 2a3b20)
(6αa3b0b1 + 3αb21 + 2αb0 − b0)
.
This completes the proof of item (i).
ii) Now suppose that the curve γ is non-oval and has inflection point at the point
p1. Therefore, we can assume that the points p1 and p2 have the following local
parametrizations: p1 = (t, a3t
3 +O(t4)) and p2 = (s, b0 + b1s+ b2s
2 +O(s3)), with
b0b1 6= 0. In this case, the component that annuls in determinant of the matrix M
given in (13) becomes
B(t, s) = 16αb30b2 +O(t, s).
Hence, B(0, 0) = 0 if and only if b2 = 0. So, by using the Implicit Function
Theorem, we obtain t as function of s. To be more precise, we have
t =
αb3
(α− 1)a3 s+O(s
2).
Therefore the parametrization of the envelope (4) is as follow
F (s, α) =
(
−b0
b1
+ aˆs+O(s2), bˆs+O(s2)
)
,
where
aˆbˆ =
36αb23b
4
0
b51(α− 1)2
.
This means that F (s, α) is singular at the origin, if b3 = 0. Equivalently, F (s, α)
is regular at the origin, if p2 is an inflection point (a schematic local behavior of
AEIL is given in Figure 2). 
Figure 2. The AEIL (red curve) of a non-oval curve γ (black
curve), when p1 and p2 are inflection points.
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4.2. Non-coincident parallels. Suppose that the points p1 and p2, given in (12),
have paralell tangent lines. Hence, we have b1 = 0. Also, the equation A(t, s) = 0
given in (15), gives the relation between the parameters t and s in this case.
Using the Implicit Function Theorem for the expression (15), one can obtain t
as a function of s, as follows
t = 2b2s+ (−12a3b22 + 3b3)s2 +O3(s).
Proposition 4.3. Let γ be a smooth plane curve and p1 and p2, two points of γ,
as given in (12). If the tangent lines of γ at the points p1 and p2 are parallel, then
the IPTL of the curve γ
(1) passes through the point Mα(0, 0) = (0, b0α).
(2) is regular at s = 0, if and only if b2 6= α
2(α− 1) .
(3) has an ordinary cusp singularity at s = 0, if and only if
b2 =
α
2(α− 1) and b3 6=
(
α
α− 1
)2
a3.
(4) has a (3, 4)-cusp singularity at s = 0 if and only if
b2 =
α
2(α− 1) , b3 =
(
α
α− 1
)2
a3 and b4 6=
(
α
α− 1
)3
a4.
Proof. The proof comes from a straightforward calculation since a plane curve θ
is regular at t = 0 if θ′(0) 6= 0 and has an ordinary cusp (resp. a (3, 4)-cusp),
singularity at the origin if θ′(0) = 0 and [θ(2)(0), θ(3)(0)] 6= 0 (resp. if θ′(0) =
[θ(2)(0), θ(3)(0)] = 0 and [θ(3)(0), θ(4)(0)] 6= 0), where [·, ·] stands for the determinant
of the 2× 2 matrix defined by R2 vectors. 
In the next proposition, we investigate the case when there is an inflection point.
Let p1 = (t, a3t
3 +O(t4)) and p2 is the same as in (12).
Proposition 4.4. By the above assumptions, if one of the points p1 and p2 or both
of them have inflection at the origin, then the curve IPTL passes through the point
Mα, and is regular at the origin, when α ∈ (0, 1).
Moreover, for b2 6= 0, the curve γ has an inflection of order k at p1, if and only
if IPTL has an inflection of order k at the origin, for k = 1, 2.
Proof. Firstly, suppose that p2 is not an inflection at s = 0 i.e. b2 6= 0. Using the
expression (15), and by a straightforward calculation, one can write s as a function
of t. Therefore, we have the parametrization of the curve IPTL, as follows(
(1− α)t+O(t2), αb0 + a3(1− α)t3 + 9αa
2
3 + 4a4b2(1− α)
b2
t4 +O(t5)
)
.
Now, suppose that the curve γ has an inflection at the point p2 as well. Therefore,
using the relation ν1(C) = −βν2(C) where β = ((1− α)/α)
1
3 (see Theorem 3.2),
we obtain:
s = −a3
b3
(
α− 1
α
)
t+O(t2).
By replacing this in (4), we obtain the parametrization of the envelope of the
intermediate lines
F (t, α) =
(
h1(α)
2αb3
t+O(t2), αb0 +
h2(α)
2α2b23
t3 +O(t4)
)
,
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Figure 3. The IPTL (red curve) of the curve γ (black curve)
when p1 and p2 are inflections with parallel tangent lines.
where h1 and h2 are smooth functions with respect to α and their 1-jets are:
j1h1(α) = a3 − 2(2a3 + b3)α , j1h2(α) = a33 − 3a23(2a3 − b3)α.
Figure 3 illustrates the IPTL of the curve γ, when p1 and p2 are inflections with
parallel tangents. 
Remark 4.5. (1) Notice that when α = 1/2, the sets AEIL = AESS and
IPTL = MPTL meet at their singularities (see Proposition 2.4.9 of [6]). For
α 6= 1/2, these sets are disjoint.
(2) It is possible to determine the first α = α0 for which the cusps appear (α-born)
in IPTL or AEIL. Indeed, in the case of the IPTL (resp. AEIL), one can find
the relation between the parameters, as mentioned in this section. Then, according
to the regularity conditions given in Proposition 4.3 (resp. Theorem 4.2), the α-born
can be found effortlessly.
4.3. Coincident tangent lines. Here, we study the limit case of the envelope
of intermediate lines for the smooth plane curve γ. This means that we desire to
investigate the behavior of the intermediate lines when one point tends to the other
point. For such, consider the local parametrization of the curve γ at each point,
i.e. let
γ1(t) = (t, f(t)) and γ2(s) = (s, f(s)).
Let C = (t− s, f(t)− f(s)),Mα = ((1− α)t+ αs, (1− α)f(t) + αf(s)) , N1(t) =
(−f ′(t), 1) and N2(s) = (−f ′(s), 1), be the chord, the intermediate point and the
Euclidean normal vectors at γ1 and γ2, respectively.
Note that 〈Ni, U〉 = [γ′i, U ], for U ∈ R2 and i = 1, 2, where 〈·, ·〉 denotes the
usual inner product of R2. Therefore we have
ν1(U) =
[γ′1, U ]
[γ′1, γ
′′
1 ]
1
3
=
〈N1, U〉
[γ′1, γ
′′
1 ]
1
3
and ν2(U) =
[γ′2, U ]
[γ′2, γ
′′
2 ]
1
3
=
〈N2, U〉
[γ′2, γ
′′
2 ]
1
3
.(18)
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Thus, if we denote 〈Ni, U〉 = Ni(U), then the equation of the intermediate line
becomes
(1− α)N2(C)N1(X −Mα) + αN1(C)N2(X −Mα) = 0.
From Theorem 3.2, we obtain
N1(C)
(f ′′(t1))
1
3
= −λ N2(C)
(f ′′(t2))
1
3
⇒ N1(C)
N2(C)
= −
(
(1− α)f ′′(t1)
αf ′′(t2)
) 1
3
.
Thus, the angular coefficient A = A(s, t) of the intermediate line is given by
A(s, t) =
(1− α)f ′(t)(αf ′′(s)) 13 − αf ′(s)((1− α)f ′′(t)) 13
(1− α)(αf ′′(s)) 13 − α((1− α)f ′′(t)) 13 .
Therefore, for α = 1/2 we have
lim
s−→tA(s, t) =
1
3f
′(t)(f ′′(t))−
2
3 f ′′′(t)− f ′′(t) 43
1
3 (f
′′(t))−
2
3 f ′′′(t)
,
which is the affine normal of γ at the point p1.
For α 6= 1/2, we have:
lim
s−→tA(s, t) =
f ′(t)(f ′′(t))
1
3 ((1− α)α 13 − α(1− α) 13 )
(f ′′(t))
1
3 ((1− α)α 13 − α(1− α) 13 ) = f
′(t).
Therefore, we have the following result:
Theorem 4.6. Let γ be a smooth plane curve, p1 = γ1(t) = (t, f(t)) and p2 =
γ2(s) = (s, f(s)) two points of γ. When the parameter s tends to t, then the
intermediate line (α 6= 1/2) tends to the tangent line of γ, at the point p1.
Figure 4. A schematic example of Envelope of
Intermediate Lines of the bean curve γ(t) =
(0.1 cos(2pit) + cos(pit), 0.1 sin(2pit+ 1) + sin(pit)). The left
figure illustrates the envelope when α = 0.5 where MPTL (red),
AESS (blue) and Affine Evolute (green) appear. The right figure
illustrates the envelope for α = 0.6, where IPTL (red) and AEIL
(blue) appear.
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4.4. Singularity theory approach. Our object in this section is not to study
a single value of α, but to study what happens to the envelope, as α varies in
(0, 1) \ {1/2}.
Here, we shall state the results from the singularity theory, which allow us to
make precise statements about the way in which the envelope of the family of
intermediate lines evolves as α changes.
Definition 4.7 ([5]). For X = (x, y, α) in the discriminant surface (5), the func-
tion f(t) = F (X, t) has
(1) type A2 at t = t0 if f
′(t0) = f ′′(t0) = 0, f ′′′(t0) 6= 0,
(2) type A3 at t = t0 if f
′(t0) = f ′′(t0) = f ′′′(t0) = 0, f (4)(t0) 6= 0.
Remark 4.8. The conditions given in Propositions 4.3,4.4 and Theorem 4.2 are
the precise conditions for which the envelope has A2 or A3 singularity at the origin.
The additional required condition, besides A2 or A3 singularity, is presented
bellow.
Definition 4.9 ([1]). Suppose that t = t(s) and F = Fs = 0 at (X0, s0) =
(x0, y0, α0, s0). Also suppose that f(s) = F (X0, s) has an Ar-singularity at s0.
Consider the partial derivatives Fx, Fy and Fα with respect to the parameters xi,
evaluated at X0, their Taylor polynomials Ti up to degree r − 1, expanded about s0
(so these have r terms). The family F (X, s) is called a versal unfolding of f at s0
if the Ti span a vector space of dimension r. Thus, if the coefficients in the Ti are
placed as the columns of an (r− 1)× 3 matrix, the rank is r− 1. Obviously, this is
possible only for r ≤ 3.
In the next result, we determine the versality condition of the family of the
Affine Envelope of Intermediate Lines (i.e. AEIL) for an A2-singularity at the
origin. Analogously, one can find the versality conditions for the other cases.
Theorem 4.10. Let γ be a closed plane curve, p1 = γ(t) and p2 = γ(s) two distintc
points of γ with concurrent tangent lines which have local parametrizations given in
(12). Consider F as the family of intermediate lines of γ, given in (4) . Suppose
that f(s) = F (x0, y0, α0, s) has an A2-singularity at the origin. Then, F is versal,
if and only if
a3 = −1
6
5α− 1
α2b1
.
Proof. Using the relation between the parameters given in (16) and the conditions
of A2 singularity, as mentioned in Theorem 4.2, we have
F (x, y, α, s) = α2b21(−α2b21 − b1x+ y) + (1− α)αb21(−α2b21 + y) +O(s).
Notice that
j1
(
∂F
∂x
(X0, s)
)
(0) = m11s
j1
(
∂F
∂y
(X0, s)
)
(0) = m21s
j1
(
∂F
∂α
(X0, s)
)
(0) = m31s,
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where X0 = (x0, y0, α0) = (−αb1, 0, α) and
m11 = −αb
2
1(6α
2a3b1 + 5α− 1)
2(3αa3b1 + α+ 1)
m12 =
b1(6α
2a3b1 + 5α− 1)
2(3αa3b1 + α+ 1)
m13 =
αb31(36α
3a23b
2
1(α− 1) + 12α3a3b1 + 9α2a3b1 − 24αa3b1 + α2 + 2α− 5)
2(3αa3b1 + α+ 1)
.
The matrix M = (m11,m12,m13) has rank 1, if and only if a3 = − 16 5α−1α2b1 . 
Now let X denote the parameters (x, y, α) and X0, a fixed value of X. Suppose
that the family of intermediate lines, F , be a versal family of f(t) = F (X0, t) where
f(t) has type Ak, k = 2 or 3. It is true that the discriminant of F , i.e. DF given
in (5), in a small neighborhood of X0, is locally diffeomorphic to the standard
discriminant of a family of an Ak-singularity (details about these concepts are
found in various places such as [1]). Figure 5 illustrates the standard transitions of
co-dimension one, which are called lips, beaks and swallowtail transitions.
Figure 5. The standard transitions of cusps, beaks, lips (up left
to right, respectively) and swallowtail (down) of a versal family
G = G(x1, x2, x3, t) of a function of type Ak-singularity, k = 2 or
3. This Figure is given in [5] page 7.
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